When the cold accretion disc coupling between neutral gas and a magnetic field is so weak that the magnetorotational instability is less effective or even stops working, it is of prime interest to investigate the pure hydrodynamic origin of turbulence and transport phenomena. As the Reynolds number increases, the relative importance of the non-linear term in the hydrodynamic equation increases. In an accretion disc where the molecular viscosity is too small, the Reynolds number is large enough for the non-linear term to have new effects. We investigate the scenario of the 'weakly non-linear' evolution of the amplitude of the linear mode when the flow is bounded by two parallel walls. The unperturbed flow is similar to the plane Couette flow, but with the Coriolis force included in the hydrodynamic equation. Although there is no exponentially growing eigenmode, because of the self-interaction, the least stable eigenmode will grow in an intermediate phase. Later, this will lead to higher-order non-linearity and plausible turbulence. Although the non-linear term in the hydrodynamic equation is energy-conserving, within the weakly non-linear analysis it is possible to define a lower bound of the energy (∝ A 2 c , where A c is the threshold amplitude) needed for the flow to transform to the turbulent phase. Such an unstable phase is possible only if the Reynolds number ≥10 3−4 . The numerical difficulties in obtaining such a large Reynolds number might be the reason for the negative result of numerical simulations on a pure hydrodynamic Keplerian accretion disc.
I N T RO D U C T I O N
The transition to turbulence in shear flow is a topic on which much research has been carried out over the years, and yet it is not a fully resolved problem. The laboratory plane Poiseuille flow is known to become turbulent at Reynolds number ∼1000, where linear theory suggests the critical Reynolds number to be ∼5772. For the Couette flow, turbulence is seen at a Reynolds number ∼360, where linear theory suggests the flow is stable for all values of Reynolds number up to infinity. In this situation, it is natural to go beyond the classical linear theory based on the exponential temporal mode instability. However, another linear theory is the so-called 'bypass' mechanism of transition to turbulence (e.g. Farrell 1988; Butler & Farrell 1992; Reddy & Henningson 1993; Trefethen et al. 1993) . Another approach is the weakly non-linear transition to turbulence (e.g. Stuart 1960; Watson 1960; Ellinsgsen & Gjevik 1970; Craik 1971) . In this paper, we investigate the weakly non-linear hydrodynamic instability in a cold accretion disc.
The early theory of accretion discs was established more than three decades ago (Shakura & Sunyaev 1973; Lynden-Bell & Pringle 1974) . The accretion disc is sustained by the transport of E-mail: rajesh@physics.iisc.ernet.in angular momentum through some sort of effective viscosity. The usual microscopic molecular viscosity is negligible in the case of an accretion disc. In the early days of accretion disc research, it was suggested that turbulence was responsible for angular momentum transport. Balbus & Hawley (1991) was the first to identify that MHD instability can be the physical origin of turbulence in an accretion disc. They invoked a mechanical model, the magnetorotational instability (MRI), originally suggested by Chandrasekhar (1960) and Velikhov (1959) . They showed that linear local instability will operate in the presence of a weak magnetic field. With the help of numerical simulations (Hawley, Balbus & Winters 1999) , they showed that pure hydrodynamic instability will not arise in a Keplerian accretion disc (although plane Couette flow and constant angular momentum disc showed instability). Longaretti (2002) pointed out that the small effective Reynolds number may be the reason for the absence of pure hydrodynamic turbulence in numerical simulations.
There are several accretion systems (e.g. the outer part of active galactic nuclei, protoplanetary and star-forming discs, accretion discs around quiescent cataclysmic variables) in which the gas is cold and hence neutral, such that the gas and the magnetic field will not couple strongly enough. In these cases, the MRI will be too weak and will probably stop working. Different mechanisms have been suggested to explain angular momentum transport in these systems. Menou & Quataert (2001) argued that the MRI stable regions of the outer discs of active galactic nuclei are gravitationally unstable and thus will transport angular momentum. The ionization of disc surfaces by cosmic rays was suggested to be responsible for the existence of the MRI in the case of protoplanetary discs (e.g. Gammie 1996) . Another strong candidate to explain instability in cold discs is the tidal perturbations by companion stars in binary star systems. There have been impressive attempts to create a unified theory for cold discs based on linear hydrodynamic stability. Mukhopadhyay, Afshordi & Narayan (2005) have shown that for a two-dimensional Keplerian accretion disc there could be significant transient growth. Although these hydrodynamic perturbations are decaying asymptotically, in an intermediate time they grow and may give rise to non-linearity and turbulence. As mentioned earlier, microscopic molecular viscosity is negligible for accretion discs. However, as the Reynolds number increases, the relevance of the non-linear term in the hydrodynamic equation cannot be neglected. For a linearly stable rotational angular velocity profile, laboratory experiments in the narrow gap limit have shown turbulence (Richard & Zahn 1999) . In numerical experiments also, turbulence persists for the linearly stable rotational angular velocity profile, provided the Reynolds number is sufficiently large (Bech & Andersson 1997) . For an accretion disc, the Reynolds number is always ≥10
4 . Thus, it is important to see the effect of the non-linear term in the corresponding hydrodynamic equation.
Between the two extreme theories of linear stability analysis and fully developed turbulence, there is an intermediate theory of weakly non-linear stability, sometimes called weak turbulence. The elegance of this approach is that within this approximate theory it is possible to set up equations of amplitudes for 'dynamically relevant' modes of perturbation. In general, these are complicated coupled non-linear differential equations, but it is possible to obtain a few familiar equations as special cases. An excellent account of the procedure in different physical situations can be found in Manneville (1990) and references therein. Historically, the amplitude equation was first introduced on a purely empirical basis by Landau (1940) . Later, rigorous mathematical schemes were proposed to derive different types of amplitude equations. This method has also been applied to shear flow by different authors. Theoretical analysis in this direction has been known in the study of fluid dynamics for some time. The method has been applied to plane Couette flow (Ellinsgsen & Gjevik 1970) and Poiseuille flow (Pekeris & Shkoller 1967; Reynolds & Potter 1967) . The resonant interaction of three waves of finite and comparable amplitude has also been investigated (Craik 1971) . If there is a separation of spatial scale, the equation for the spatiotemporal evolution of amplitude can be set up (Stewartson & Stuart 1971) . Our aim in this paper is to investigate the physics of the weakly non-linear instability of a cold accretion disc and to see under what conditions the non-linearity creates new effects. For an accretion disc, the two primary mechanisms that are suggested in order to explain the origin of turbulent viscosity are the hydrodynamic instability and the MRI. As both are linear in nature, it is possible to extend the analysis to the weakly non-linear domain. Umurhan, Menou & Regev (2007) have attempted to extend the MRI in the weakly non-linear regime. They have obtained the Ginzburg-Landau equation for the spatiotemporal evolution of the amplitude. Ogilvie (2006) has obtained the non-linear Schrödinger equation for a the warped thin Keplerian accretion disc with negligible viscosity and self-gravity.
The paper is organized as follows. In Section 2, the relevant hydrodynamic equations are given, and the linear solutions, the approximate first-order correction due to the non-linear term and the amplitude equation for the weakly non-linear evolution are found. The numerical results and their physical interpretations are discussed in Section 3. Finally, Section 4 contains concluding remarks.
H Y D RO DY NA M I C E Q UAT I O N S

Base flow
We consider the flow to be bounded by two rotating coaxial cylinders. Let r 1 and r 2 be the radii of inner and outer cylinders, respectively, and let r 0 be the mean radius. The most general way to describe the radial dependence of angular frequency is
Let us consider a small patch of the fluid bounded by the cylinder walls. To understand the motion of fluid in this patch, consider a Cartesian coordinate (X, Y , Z), which is moving with an angular velocity 0 such that X = r − r 0 , Y = r 0 (θ − θ 0 ) and Z as the vertical direction of the patch. In this frame, the outer cylinder is comoving with speed U 0 and the inner cylinder is counter-moving with speed U 0 . In this small region, we can approximate the flow to be a linear shear bounded by X = −L to + L, where 2L = r 2 − r 1 , the width of the patch. We consider incompressible fluid flow. As the frame of reference is rotating with a constant angular velocity 0 , the centrifugal force and Coriolis force appear in the Navier-Stokes equation.
Hence, in the limit L r 0 , the unperturbed base flow velocity (Hawley et al. 1999; Mukhopadhyay et al. 2005) corresponds to a linear shear of the form
wherē
Here, the parameter q is positive (corresponding to angular velocity decreasing with increasing radius). Thus, q = 3/2 for a Keplerian accretion disc in the astrophysical context, q = 2 for a constant angular momentum disc, q = 1 for a flat rotation curve (which is again astrophysically important) and q = 0 for solid-body rotation. The usual plane Couette flow is with finite U 0 and zero Coriolis force, which is represented in the limit q → ∞.
Perturbation
As the local frame of reference is a rotating frame, a Coriolis acceleration acts on the fluid. Hence, the Navier-Stokes equation for the incompressible fluid can be written as
Here, t is the time, V is the velocity,ω is the Coriolis vector defined in equation (3), ν is the kinematic coefficient of viscosity,
, P is the pressure and ρ is the constant density of the local patch. We rewrite equation (4) in terms of dimensionless variables x, y, z, t and U such that
where the base flow in dimensionless form is
The Navier-Stokes equation then reduces to ∂U ∂t
The Navier-Stokes equations for perturbation are then (Benney & Gustavsson 1981) 
where pressure perturbation is given by
along with
and
Linear theory
By defining the vorticity in the x-direction
by linearizing equations (8)- (10) and by expressing in terms of velocity and vorticity in the x-direction, we obtain
Equations (13) and (14) are the standard set of Orr-Sommerfeld and Squire equations modified by the Coriolis term (Craik 1989; Mukhopadhyay et al. 2005) . The boundary conditions of the flow, u = ϑ = w = 0 at x = +1, −1, which is equivalent to u = (∂ u/∂ x) = ζ = 0 atx = +1, − 1. We choose the solution of the form
Hence, equations (13) and (14) reduce to
Equivalently
where φ is the eigenvector corresponding to the eigenvalue of the operator L. See Appendix A for details. Also, = φ (x) e −iσ t , where the general solution is given by
where σ m =σ mr + i σ mi , is the eigenvalue corresponding to the eigenvector φ m of the operator L and c m are constant coefficients. The eigenspectra for plane Couette flow and rotating Couette flow with q = 2, 1.5 and 1 are shown in Fig. 1 . σ mi is always negative for plane Couette flow and rotating Couette flow with q less than 2 for all k y and k z and all Reynolds number, implying that these flows are always linearly stable. It is well known that the solutions of the standard OrrSommerfeld and Squire equations are non-orthogonal. However, it is possible to find a set of functions such that a bi-orthogonality condition exists. The relevant adjoint operator and the adjoint functions modified for the present situation are presented in Appendix A. Letφ a be the adjoint functions for the eigenvectors φ a . Then the orthogonality condition is
where the matrix M is defined in equation (A4).
Non-linear theory
As the flow is unbounded in the y-and z-directions, the velocity perturbation is assumed to be periodic in these directions. Because of this symmetry of the problem, the velocity perturbation can be expanded as a Fourier series given by
Here, v n = (u n , ϑ n , w n ), or equivalently v n = (u n , ζ n ), where ζ n is the corresponding vorticity in the x-direction given by
where ω = σ r is the unstable frequency whose higher harmonics are generated by the non-linear term of the Navier-Stokes equation along with the propertyv −n =v We know that the general solution in the linear regime is the linear combination of linear modes given by equation (16). We make use of this information and choose v 1 to be a combination of the linear modes where the amplitudes are no longer exponential in time. Instead, they are unknown functions of time, which are to be found. Therefore,
Let us consider the case M = 1 and drop the suffix in A 1 where A is, in general, a complex number. Therefore, from equations (18) and (20)
Equation forv 2
To obtain the equation forv 2 , we substitute the Fourier expansion in the Navier-Stokes equation and we equate terms with same power for n = 2. We choose the solution to be of the form
(note that A 2 = AA and |A| 2 = AA * , where * denotes complex conjugate). Then, to obtain a variable separable solution, let us assume that the amplitude varies slowly while the perturbation is still linear, such that they may be approximated as
where is a number parametrizing the evolution of the amplitude for a small time. In the linear regime, we know that is nothing but σ i . Thus, we can separate the space and time parts of the equation, and a set of equations for the spatial part of v 2 can be set up, given by
Detailed steps are shown in Appendix B.
Equation forv 1
To obtain the equation forv 1 , we substitute the Fourier expansion in the Navier-Stokes equation and we equate terms with same power for n = 1. Thus, we obtain
Detailed steps are shown in Appendix C. After substituting the expressions for u 1 and ζ 1 , the NavierStokes equation satisfied by the n = 1 Fourier component is given by
This reduces further to
The analysis in this section can be summarized as follows. Because of the symmetry of the problem, the solution of the linearized Navier-Stokes equation can be expressed as a plane wave in the y, z and t variables. The non-linear term always has the effect of multiplying the phase factor defined by (k, ω) to higher harmonics. Therefore, the solution of the nonlinear Navier-Stokes equation is expressed as the Fourier series in this phase factor. As the perturbation is no longer infinitesimal, the amplitude is taken as a general complex valued function of time. Thus, a non-homogeneous linear differential equation for the x-dependent space part of the first harmonic (n = 2) of the Fourier series is set up, and an approximate solution is found. The expression for the n = 1 and n = 2 Fourier modes are substituted back into the non-linear Navier-Stokes equation for the n = 1 Fourier mode of the solution.
Amplitude equations
From equation (23), it is possible to extract a spatially averaged equation for amplitude. For this purpose, we have to properly project the spatial dependence, which can be done by the dot product defined in Appendix A. Thus, we have
By multiplying equation (25) by A * , and adding with the complex conjugate of the same equation, we obtain
which is the well-known Landau equation (Landau 1940; Drazin & Reid 1952) , where
In fact, equation (27) is the first-order check to see the dynamical relevance of a linear mode when that mode evolves non-linearly by virtue of self-interaction. Once the Landau equation (equation 27) is obtained, the formal solution of the amplitude is known (Drazin & Reid 1952) . The amplitude dies out if the non-linear coefficient l in the Landau equation is negative, irrespective of the linear coefficient (i.e. the system is non-linearly stable in the limit of the Landau equation). If l is positive, then the dynamical behaviour depends on the sign of linear coefficient p. If p is positive, then the system is non-linearly unstable. If the linear coefficient p is negative, then the system is conditionally unstable (i.e. the system is unstable if it has enough energy to overcome the linear stabilizing tendency). If the flow is conditionally unstable, then there is a threshold amplitude such that the flow is non-linearly unstable only if the initial amplitude is greater than this value. The threshold amplitude is given by A c = √ −p/l. As α = σ i < 0 it is evident that for the plane Couette flow and rotating Couette flow with q < 2, the Landau equation could be either conditionally unstable or stable under weakly non-linear perturbation.
N U M E R I C A L R E S U LT S A N D P H Y S I C A L I N T E R P R E TAT I O N
In the limit of the Landau equation, the weakly non-linear stability of the hydrodynamic accretion disc reduces to the analysis of threshold amplitude as a function of wave vector, rotation parameter and Reynolds number, A c (k y , k z , q, R). The square of the threshold amplitude is the measure of energy needed for the perturbation to become non-linearly unstable.
From the linear theory, we know that there is no unstable linear mode for the rotating linear shear flow for q < 2. From the numerical solution, it is found that in the weakly non-linear limit only the least linearly stable mode (i.e. the linear mode that has maximum σ i ) is conditionally unstable, unless q → 2. All other modes are stable in the weakly non-linear limit of perturbation. Thus, the least stable linear mode is the 'dynamically active' mode (Manneville 1990) , which controls the flow dynamics in the weakly non-linear regime.
From the linear spectra in Fig. 1 we know that there are more than one least linearly stable modes. In the limit of weak non-linearity, only one of these linearly equivalent modes is unstable. All other linearly equivalent modes are stable against non-linear perturbation. This is a distinction of these linear modes, which is beyond linear theory.
Threshold amplitude and neutral curve
If the perturbation is neutral (i.e. the Landau equation is conditionally unstable), it is possible to draw a curve of threshold amplitude as a function of Reynolds number at a given wave vector and rotation parameter q, called the neutral curve. It is one of our main interests to compare the neutral curves for different angular velocity distributions (q). As a typical example, in Fig. 2 we have drawn neutral curves for q = 1, 1.1, 1.3 and 1.5, and in Fig. 3 we have drawn neutral curves for q = 1.5, 1.7 and 1.9 at k y = k z = 1. There are three things to be seen from the neutral curve: the behaviour of the curve at a low Reynolds number, the behaviour of the curve at a large Reynolds number (asymptotic behaviour) and the comparison of neutral curves with different angular velocity distributions. As the Reynolds number decreases, the threshold amplitude increases. For a Reynolds number 10 3 , the increase in threshold amplitude is sharp. Such a huge value of A c means that an enormous amount of an external pump of energy is needed to make the perturbation non-linearly unstable; hence, practically it is stable. As the Reynolds number increases from R ≈ 10 3 , A c decreases. For large values of the Reynolds number, A c is less sensitive to the change in the Reynolds number. Asymptotically, A c is independent of the Reynolds number. This is a region where a linear mode, by virtue of self-interaction, evolves non-linearly and gives rise to higher-order non-linearity and plausible turbulence.
For q < 1.5, the asymptotic value of threshold amplitude increases as q decreases, which is consistent with linear theory. For q > 1.5, the neutral curves are closely spaced and the difference in the asymptotic value of the threshold amplitude is less than an order of the threshold amplitude [ A c ∼ (1/10)A c ]. Also, for q > 1.5, the variation of the threshold amplitude with respect to the change in q is not monotonic (see Fig. 3) ; we discuss this point in the next section (3.2). At the lower limit of the Reynolds number, all neutral curves merge. The huge value of A c means that the perturbation is non-linearly stable irrespective of q. 
Keplerian disc
The Keplerian accretion disc is represented in the limit q = 1.5. If the flow is conditionally unstable for a particular Reynolds number at a given k y and k z , then the flow will remain neutral (conditionally unstable) for any higher values of the Reynolds number. Under such conditions, neutral curves exists for Keplerian flow. In Fig. 4 , neutral curves are drawn for various wave vectors for a Keplerian disc. All the neutral curves show a similar trend. The Keplerian flow is neutral necessarily for Reynolds number ∼10 3 . As the threshold amplitude is large (close to unity, which is maximum in the linear theory), this will not ensure the weakly non-linear growth of perturbation. As the Reynolds number increases, the threshold amplitude decreases and attains a much smaller value. At the Reynolds number ∼10 4 , the threshold amplitude decreases to the order ∼1/10. The energy input for the perturbation to overcome the linear stabilizing tendency and to grow non-linearly decreases to the order of ∼1/100. In such a situation, the Keplerian flow is necessarily unstable against weakly non-linear perturbation.
Threshold amplitude and the parameters of perturbation
The behaviour of the threshold amplitude A c can be studied in the Fourier plane (k z -k y plane) at a given rotation parameter q and Reynolds number. In Fig. 5 , the contours of A c are drawn for q = 1, 1.5, 1.7 and 1.9 at a Reynolds number of 1000. In Fig. 6 , the same contours are drawn for a Reynolds number of 3000. For a given Reynolds number, there are two points to be noted: (i) as q decreases from 1.9 to 1, the contours tilt from the k z -axis to the k y -axis; (ii) as q decreases from 1.9 to 1, the relevant area in the Fourier plane decreases.
A rotating fluid body will undergo epicyclic oscillation, where the oscillation frequency depends on the angular velocity distribution. The epicyclic frequency is given by κ = [2(2 − q)] 1/2 . Thus, for constant angular momentum flow (q = 2), the epicyclic motion is absent and the oscillation frequency increases as q decreases. The effect of epicyclic oscillation is to kill any non-linear perturbation. The perturbation in a rotating fluid body is affected by the epicyclic motion only if it has a span-wise dependence. When q is decreased from 2, the relevant parameter domain in the Fourier plane shifts from the k z -axis to the k y -axis to nullify the stabilizing effect of epicyclic motion.
In the Fourier plane, each contour corresponds to a fixed threshold amplitude. If we consider an infinitesimal change in threshold amplitude, we obtain a strip of area; this area around any chosen threshold amplitude decreases as the background changes from constant angular momentum flow (q = 2) to rigid-body rotation (q = 0). Here, the infinitesimal change is arbitrary and the same for all 'q' values. The area of the contours for a fixed threshold amplitude A c in the range A c − A c to A c + A c is a measure of how much the system is open to weakly non-linear instability at energy ∝ A 2 c . When q decreases from 2 to 0, we see that the relevant area in the Fourier plane shrinks. Thus, as the shear rate decreases, the chance of attaining a threshold amplitude A c decreases, and hence the chance of non-linear instability diminishes. This is in good agreement with the fact that the shearing background is crucial in triggering the instability and turbulence.
When the Reynolds number is increased, keeping the rotation parameter q the same, the area of the contours increases in the Fourier plane (see Figs 5 and 6). As mentioned earlier, the increase in area means that the system is more open to non-linear instability. Thus, the chance of the perturbation becoming unstable at a particular threshold amplitude increases as the Reynolds number increases.
We see from Fig. 3 that the change in neutral curves for different values of the rotation parameter q in the range q > 1.5 is not monotonic, unlike the case for q < 1.5. This behaviour is a result of the choice of the wave vector. This can be understood from analysing the neutral curve (Fig. 3 ) and the contours (Figs 4 and 5) . At a given Reynolds number, if we fix k y there is always a minimum k z above which the threshold amplitude for any q = q 1 is lower for any other q = q 2 such that q 1 > q 2 . For example, the change in neutral curves is monotonic in the range 1.5 < q < 2 at k y = 1 and k z = 1.25. For q = 1.5, the gravitational force and the centrifugal reaction are not aligned, and a component of centrifugal force perpendicular to the radial direction is developed. The k z of the perturbation should be sufficiently large to nullify this effect. Once this is achieved, the neutral curves change monotonically with respect to q.
C O N C L U S I O N
We have shown that in the large Reynolds number limit (R ≥ 10 4 ) the Keplerian accretion flow bounded by walls is unstable in the weakly non-linear regime of hydrodynamic perturbation. Although there is no linearly growing mode, the least stable mode, by virtue of self-interaction, grows non-linearly in an intermediate phase for an appropriate choice of initial conditions. The non-linearly growing mode will induce higher-order non-linearity and plausible turbulence. The lower linear modes are stable against weakly non-linear perturbation.
Because, according to the linear theory, the constant angular momentum flow (q = 2) is marginally unstable (a maximum possible value of σ i = 0) for an appropriate choice of wave vector and sufficiently large Reynolds number, the corresponding minimum threshold amplitude is zero for q = 2. As q is decreased slightly from 2, the minimum threshold amplitude becomes non-zero. This means that the stability of the system increases when q is slightly decreased from 2. The change in behaviour could be a result of the Coriolis force and epicyclic motion, and the dynamic stability provided by these, as argued by Balbus et al. (1996) , Hawley et al. (1999) and Mukhopadhyay et al. (2005) . As we have seen in Section 3.2, to overcome this stabilizing tendency, the entire parameter domain shifts towards the k y -axis, and the weakly non-linear perturbation tries to become more streamwise.
In the weakly non-linear hydrodynamic stability analysis, the threshold amplitude is the main factor that controls the transition to hydrodynamic turbulence. Apart from the threshold amplitude, another point to be noted is the time of instability. For a Keplerian accretion disc, there is a natural time-scale -the rotation time period. According to the scaling defined in Section 2.2, the rotation time period is q. Any instability should grow sufficiently large in a timescale ∼ q such that the flow becomes turbulent in an N number of rotations, where N is directly related to the transport phenomenon.
The Landau equation is an initial valued problem with initial amplitude A i . Under this condition, the time required for the amplitude to grow sufficiently large such that higher-order non-linearity is induced is proportional to
If there is no external pump of energy, the initial amplitude is limited in the range 1 > A i > A c . Thus, how much the initial amplitude deviates from the threshold amplitude is decided by the matching of the two time-scales involved in the dynamics: the rotation time period of the Keplerian disc and the turbulent time-scale of the non-linearly growing perturbation. As we consider an incompressible fluid flow with constant density, the mechanism to extract energy from the shear flow should be linear in nature. The role of the non-linear term is in sustaining the energy extracted from the base flow and routing the instability to fully developed turbulence. Because of numerical constraints, we limit our analysis for the Reynolds number ≤10
4 . For an astrophysical accretion disc, the Reynolds number is much higher than this value. Because from the numerical analysis we find that the threshold amplitude is a decreasing function of the Reynolds number, for an astrophysical accretion disc, A c 1. It is possible to prove analytically that for (q < 2), σ i < 0 up to Reynolds number infinity (Rayleigh inflection point theorem and the Fjortoft theorem). Hence, from equation (28) and the expression for A c , we conclude that the Keplerian accretion disc is conditionally unstable up to Reynolds number infinity.
Thus, in this paper, we have addressed the bound set by the energy conserving term in the hydrodynamic equation on Reynolds number to make the accretion disc unstable against perturbation. We have also studied the non-trivial influence of Coriolis force and different angular momentum distributions on the non-linear growth of the perturbation.
AC K N OW L E D G M E N T S
The author is grateful to Banibrata Mukhopadhyay for suggesting this problem and for extensive discussion and encouragement throughout the course of the work. The author is also grateful to UGC-CSIR, Government of India for providing a research fellowship.
A P P E N D I X A : D E TA I L S O F L I N E A R I Z E D E Q UAT I O N O F P E RT U R BAT I O N
Substituting the plane wave solution in equations (13) and (14), we obtain ∂ u ∂t = −i L os u +L cor ζ and
where
iR ,
where φ is the eigenvector corresponding to the eigenvalue of the operator L. Also, = φ e −iσ t . Let us rewrite equation (A2) as
where M is
such that
We then define the adjoint operator of L as L † such that and (φ,φ) constitute a bi-orthogonal system. It is straightforward to find the adjoint operator L † defined by equation (A6) as
with the adjoint eigenvalue problem
The bi-othogonality condition is given by
B 12 =
